most important consumption good appearing as an argument of the utility function, and, at the same time, the dominant asset in the portfolio. This paper uses a mean-variance efficiency framework to examine the household's optimal portfolio problem when owner-occupied housing is included in the list of available assets. Housing differs from stocks and bonds in a crucial way: since the household's ownership of residential real estate determines the level of its consumption of housing services, the household's demand for real estate is "overdetermined" in the sense that the level of real estate ownership which is optimal from the point of view of the consumption of housing services may differ from the optimal level of housing assets from a portfolio point of view. With rental markets for housing, a household can, in principle, divorce the size of its holdings of real estate assets from the level of housing services it consumes. However, rental housing is by no means a perfect substitute for owner-occupied housing. We assume, instead, that the preferential tax treatment of owner-occupied housing and the transactions costs and agency costs involved in the rental market for housing create frictions large enough to effectively constrain the household to include in its asset portfolio the level of housing consistent with its consumption of housing services.
1 The paper focuses on the impact of the portfolio constraint imposed by the consumption demand for housing on the household's optimal holdings of financial assets.
Section II of the paper is similar in spirit to a recent paper by Jan K. Brueckner (1997) , which analyzes the interaction between the consumption demand and the investment demand for housing in a mean-variance portfolio model. Brueckner considers a general covariance matrix and mean vector of returns and a general utility function, and derives analytical results. In contrast, our implementation of the meanvariance framework is quantitative. That is, we estimate the covariance matrix and vector of expected returns for housing and financial assets and solve for the efficient frontiers and optimal portfolios numerically.
The risk characteristics of housing are estimated using two distinct sources: data from the Panel Study of Income Dynamics (PSID) and data from Karl E. Case and Robert J. Shiller (1989) based on repeat sales transactions prices for four U.S. cities. Both data sources indicate that housing prices have a large idiosyncratic component; the standard deviation of the return to housing, at the level of the individual house, is about 0.14. In addition to housing, the portfolio can include nonnegative amounts of Treasury bills, Treasury bonds, and stocks. The household can borrow only in the form of a mortgage, which is limited to 100 percent of the value of the house. Using the estimated vector of expected returns and covariance matrix of asset returns, we plot the constrained meanvariance efficient frontiers for various values of the household's ratio of house value to wealth, h (the "housing constraint"). The housing constraint has an enormous effect on the risk and return trade-off available to the household. Young households, which typically have large holdings of real estate relative to their net worth, are highly leveraged and therefore forced into a situation of high risk (and return). As a result, these young households have a strong incentive to reduce the risk of their portfolio by using their net worth to either pay down their mortgage or buy bonds instead of buying stocks. In contrast, the optimal portfolio share of stocks is larger for the lower ratios of housing to net worth typical of older households.
In addition to the implications for the composition of the portfolio over the life cycle, the inclusion of housing has implications for cross-sectional scatters of portfolio data. In the final section, we use the model to offer a potential resolution to the "asset allocation puzzle" posed by Niko Canner et al. (1997) . Using as data points the portfolio shares recommended by financial advisors in the popular press for investors of varying degrees of risk aversion, Canner et al. point out that financial advisors tend to recommend that the ratio of bonds to stocks increase with the level of risk aversion, in apparent contradiction of the mutual fund separation theorem. Compared to a world in which the list of assets is restricted to the standard financial assets (Tbills, bonds, and stocks), the inclusion of housing has the effect of altering the risk and return trade-off in such a way that most households are at a corner with respect to T-bills. That is, the nonnegativity constraint on T-bills is binding for a wide range of values of h and of the degree of risk aversion. Since households are at a corner with respect to the riskless asset, different degrees of risk aversion cannot be accommodated by varying the relative quantities of the riskless asset and the risky portfolio; instead, preferences toward risk are accommodated by varying the ratio of bonds to stocks.
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I. Housing in a Mean-Variance Efficiency Framework
Of the extensive literature on efficient portfolios, only a few papers incorporate real estate as an asset. William N. Goetzmann and Roger Ibbotson (1990) and Goetzmann (1993) used regression estimates of real estate price appreciation, and Stephen A. Ross and Randall C. Zisler (1991) calculated returns from real estate investment trust funds, to characterize the risk and return to real estate investment. While regionally diversified real estate funds have recently become available, the vast majority of households invest in real estate by purchasing a particular house, rather than by purchasing shares of a diversified real estate fund. Further, the returns to an investment in a real estate fund and the returns to an investment in one's personal residence receive very different tax treatment. In analyzing the efficient frontier facing a large institutional investor such as TIAA-CREF (Teachers Insurance and Annuity AssociationCollege Retirement Equities Fund), Ross and Zisler have appropriately used diversified real estate funds to characterize the risk characteristics of real estate.
Our focus, in contrast, is on the portfolio problem faced by the typical household. We assume that households hold real estate in the form of a specific house (rather than investing in a diversified fund and renting to satisfy their demand for housing services) due to tax distortions and transactions or agency costs associated with renting, but do not explicitly model the renting versus owning decision. We abstract from labor income or human wealth, and assume that wealth is held only in the form of financial assets and housing. The household can invest in any of n risky financial assets, but there is no riskless asset. Further, the household can borrow up to the value of the house in the form of a mortgage; other than the mortgage, all financial assets must be held in nonnegative amounts. As in Sanford J. Grossman and Guy Laroque (1990) , we assume that once the household purchases a particular house, no adjustments to the size (or any other attribute such as location) can be made without selling the existing house, incurring an adjustment cost proportional to the value of the house, and buying a new house. Unlike the house, holdings of financial assets (including the mortgage) can be adjusted with zero transactions cost.
The household's total wealth, W t , is given by:
where X t ϭ (1 ϫ n) vector of amounts (expressed in terms of a nondurable consumption good used as the numeraire) held of the n risky assets, ᐉ ϭ (n ϫ 1) vector of ones, H t ϭ the physical quantity held of housing, measured in square feet, and P t ϭ the price per square foot of housing relative to the price of the nondurable good. Using the last element of X t to represent the mortgage, the corner constraints on the vector of financial assets are given by:
͑nonnegativity constraints on other financial assets)
where X i,t is the ith element of X t . Note that because the household can borrow only in the form of a mortgage, it must hold a mortgage if the value of the house exceeds net worth. Denote the real, after-tax return on financial asset i in year t as R i,t and the real, after-tax return on housing as R H,t ; the asset return is the sum of the expected return ( i or H ) and a stochastic component:
The covariance matrix of returns is denoted by the (n ϩ 1) by (n ϩ 1) matrix ⍀:
where t is the ((n ϩ 1) Dividing equation (1) by W t , the household's asset holdings can be restated as shares of total wealth rather than as levels:
where h t ϵ P t H t W t and
The optimal portfolios calculated in Section II are based on the assumption that the household maximizes a function of the mean and variance of the return to its asset portfolio, inclusive of housing.
3 Stating both the maximization problem and the constraints in terms of shares of wealth, the household's problem is:
͑nonnegativity constraints on other financial assets).
In essence, we model the household as maximizing over its holdings of financial assets, conditional on the current value of the state variable which represents the ratio of house value to net worth, h t . While we do not formally model the house purchase decision, we follow Grossman and Laroque (1990) in assuming that at every moment, the household considers whether the disparity between the current-size house and the frictionlessly optimal-size house is sufficiently large to justify paying the transactions cost and reoptimizing over the house, H t . If it is optimal to sell the house immediately, the household (instantaneously) pays the transactions cost, sells the old house, and buys a new house. Thus the home purchase decision is endogenous and fully rational, but, because of the transactions cost, infrequent. For example, in the model studied by Grossman and Laroque (1990) , a conservative estimate of the transactions cost of 5 percent of the value of the house sold implies that the average time between house purchases is 20 to 30 years.
Since the state variable h t places a constraint on the optimization problem, we refer to the value of h t as "the housing constraint." For a given value of h t , the mean-variance efficient frontier available to the household can be calculated by finding the value of x t which achieves the minimum variance portfolio for a given expected return. Thus the constrained mean-variance efficient frontier available to the household depends of the value of the state variable h t . In equation (7), the household's preferences toward risk are reflected in the parameter A; higher values of A indicate a greater degree of risk aversion. For the preferences expressed in (7), the slope of the household's indifference curve is:
where
Because of the corner constraints, the optimization problem is solved by numerical methods; the optimal portfolio will depend both on the state variable h t and on preferences toward risk, A. To estimate returns on housing, we use data from the 1968 -1992 waves of the PSID. Every year, the PSID asks homeowners how much their house would sell for if the house were put on the market on the date of the interview, enabling us to calculate the return to owneroccupied housing at the household level. 4 The return to housing depends on appreciation of the value of the house, the value of the flow of housing services, and costs of ownership and maintenance. Lacking direct observations on the rental value of the house and maintenance costs, these components are modeled as follows:
where r is the real interest rate, d is the depreciation rate, and is the marginal income tax rate. The imputed annual rental value (analogous to the dividend on a stock), denoted D t , reflects the assumption that property taxes are passed through into rents. 5 In the absence of expenditures on maintenance and repairs, physical depreciation (at rate d) would be reflected in the real value of the house (P t ). However, we assume that both landlords and homeowners spend on maintenance and repairs an amount equal to the annual depreciation of the house so that the physical condition of the house is constant. In addition to maintenance and repairs, the cost of ownership and maintenance (COM t ) includes the net property tax payment (i.e., net of the deduction against income taxes). The real return on housing, R H,t , is:
4 As a rough measure of the accuracy of subjective housing value measures, Jonathan Skinner (1994) compares the annual rate of self-reported price changes with the objective Commerce Department measures and finds the two series are quite close in mapping house-price changes over the 1970's and 1980's. 5 In equation (9), we are modeling the market rent which the homeowner would pay if he explicitly rented the house from a landlord rather than owning it himself. Equation (9) does not contradict the public finance result that states that the incidence of the property tax falls on the landlord in the form of lower property values, and cannot be shifted onto renters. Since the house price data reflects the market value of the house under the existing tax regime, as opposed to the value the house would have in the absence of a property tax, the fact that the landlord "pays" the tax in the form of lower property values is already incorporated in the house price data. Given data on the market value of a particular house, equation (9) is a simple model, based on the zero-profit condition, of how the landlord would set the market rent on that particular house; i.e., the market rent would be sufficient to cover the landlord's costs (interest or forgone interest, depreciation, and the property tax bill).
6 A possible bias arises from the fact that the house price is not the actual transaction price but the owner's estimate. If there is a systematic bias in the owner's estimate of the house price, then the return calculation may also be biased. Using the panel aspect of the 1985 and 1987 waves of the American Housing Survey, John L. Goodman, Jr. and John B. Ittner (1993) compare owners' estimates with subsequent sales prices and find that the mean error of the homeowner's estimate is 8.3 percent, and that the errors are not correlated with characteristics of the house or demographic characteristics of the owners. Given Goodman and Ittner's estimate of the homeowners' bias, it is straightforward to show, using equation (11), that the mean overestimation of 8.3 percent of the real house price would give us a downward bias in the calculated rate of return of around 0.06 percent, assuming a 33-percent marginal tax rate and a 2.5-percent property tax rate.
In computing the real return to housing, the nominal house value and nominal property tax payments as reported by the respondent are converted into real terms using the CPI-U deflator to obtain P t and PropertyTax t . The shortterm interest rate, r, is assumed to be a fixed 5 percent. In general, the marginal income tax rate, , will vary both cross-sectionally and across time. For most waves of the PSID, it is possible to impute the household's marginal tax rate; thus, one could construct a series of real returns to housing using a household-and timespecific value of the marginal tax rate. However, it is not necessary to interpret "the household" as a representative household (i.e., one of many identical households) or as an average household, since the analysis is entirely partial equilibrium and no aggregate marketclearing conditions are imposed. Instead, "the household" is interpreted as a specific, hypothetical household which faces a known marginal income tax rate of 33 percent (28 percent federal and 5 percent state).
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In order to incorporate tax effects, all asset returns are stated in after-tax, real terms. In the case of the return to housing, the imputed rent portion of the return is not taxed. While capital gains on housing are taxable in some circumstances, we assume that the bulk of realized capital gains escape taxation due to rollover provisions and the fact that inherited real estate receives a stepped-up cost basis when transferred. We therefore assume that neither the rental value nor the capital gains portion of the return is taxed, and interpret R H,t as the aftertax real return to housing.
In calculating real after-tax mortgage rates, we assume that the household takes out a fixedrate mortgage in the year in which the house is purchased and does not refinance as long as they remain in the same house. Taking into account the fact that the nominal rather than real mortgage interest payments are deductible, the household pays a real after-tax interest rate of:
In equation (12), Nominal Mortgage s denotes the fixed rate at which the mortgage was issued when the home was purchased in year s and Mortgage t denotes the after-tax real interest rate on the mortgage in a subsequent year t. In implementing equation (12), Nominal Mortgage s is measured by the annual average of conventional home mortgage rates charged by major lenders in year s, is the hypothetical marginal tax rate of 33 percent, and the inflation rate is measured by the CPI-U. The household is not bound by a fixed amortization schedule, but instead has flexibility in optimizing over the size of the mortgage. For example, the household can reduce its degree of leverage by paying down the mortgage balance. Conversely, the household can increase its total mortgage indebtedness by taking out a second mortgage without having to refinance the original mortgage. The return on Treasury bills is measured by constructing the holding period return generated by rolling over short-term Treasury bills for a period of one year, assuming that the holding period return is taxed at a marginal rate (federal only) of 28 percent, then converting the aftertax nominal rate into real terms. Similarly, the return to Treasury bonds is measured by deflating the after-tax (28-percent) holding period yield on 20-year Treasury bonds.
Data on the S&P 500 is used to measure stock returns. Using separate data series on dividend income and capital gains, we assume that dividend income is taxed at the rate of 33 percent, while the capital gains portion of the return escapes taxation completely. The after-tax nominal 7 An alternative approach would be to estimate the expected return vector and covariance matrix of after-tax returns by taking sample averages of the historical data on after-tax returns. In this approach, the data on after-tax returns would reflect variation over time in marginal tax rates as well as variation in pretax returns. Because it implicitly assumes that the household faces a marginal tax rate which is a random draw from the historical distribution of marginal tax rates, we think that this approach overstates the degree of randomness in the marginal tax rate facing the household at a particular point in time. However, as a robustness check, we calculated an alternative version of Table 1A in which historical variation over time of the federal marginal tax rate is included. That is, for each year, we calculated the marginal federal tax rate of the PSID household that ranked in the 75th percentile for income, and used the year-specific marginal federal tax rate to calculate after-tax real returns. A comparison of these estimates, reported in the Data Appendix, with the corresponding estimates in Table 1A , indicates that the alternative method of incorporating taxes makes very little difference.
return is then converted to a real return. Note that by assuming that capital gains are not taxed, our measure of the after-tax return to stocks probably overstates the actual return.
Real after-tax mortgage rates and returns to housing are calculated for homeowners in the PSID from 1968 to 1992. Excluding the poverty subsample, all households that owned a house over at least a two-year period between 1968 and 1992 were included (1,817 households). For each household, the return to housing R H,t was calculated using equation (11) if the household was living in the same house during year t and year t Ϫ 1. If, in year t, the household moved to a new house or became a renter, the value of R H,t was set to missing.
The calculation of returns to housing relies on the change in the reported value of the house between interviews, which are usually conducted between February and April. We interpret the housing return series as measuring the return over the March-to-March interval, and construct the returns on financial assets for the same time intervals. While the data on housing returns and mortgage rates are limited to the 1968 -1992 period, data for a longer period (1926 -1992) are used for T-bills, T-bonds, and the S&P 500. A detailed description of the data and calculation of rates of return is provided in the Data Appendix.
The mean returns, standard deviations, and covariance matrix of the five assets are reported in Table 1A . In calculating the sample statistics of mean returns on housing assets and their covariance with other financial assets, we assume that all returns are drawn from the same distribution regardless of region and year. As a robustness measure, we trimmed the top and bottom 2 percent of housing returns on the grounds that the tails contain some extreme values likely to reflect gross measurement errors. As expected, stocks have the highest aftertax real rate of return at 8.2 percent, and Treasury bills the lowest, with negative 0.4 percent. The real return to housing at 6.6 percent is comparable to that of stocks, while the return to housing has a substantially smaller standard deviation than the stock return. The after-tax real interest rate on a fixed mortgage is on average zero over this period. According to the bottom row of the correlation matrix, the return to housing is uncorrelated with the return to each of the financial assets. In each case, the correlation of the return to T-bills, T-bonds, stocks, and mortgages has a correlation with the return to housing which is essentially zero in terms of numerical size and statistical significance.
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In many ways the PSID data is ideally suited to our purpose; it is a large, nationally representative sample and measures house prices at the level of the individual house, with no geographic aggregation. Unlike transactions price data, which may be distorted by composition effects due to variation over time in the transactions volume of different segments of the real estate market, the PSID tracks the same households over time. However, the fact that the PSID house price data is based on the owner's valuation rather than on transactions prices is a potential problem. As a check on the PSID data, the covariance matrix was also estimated using data from Case and Shiller (1989) based on repeat sales transactions prices for four citiesAtlanta, Chicago, Dallas, and San Francisco. Table 1B reports expected returns and covariances analogous to Table 1A, except that the housing return is calculated from an index of housing prices constructed by Case and Shiller for each of the four cities separately. 9 The expected return to housing in the four cities is 0.054 (Atlanta), 0.054 (Chicago), 0.072 (Dallas), and 0.098 (San Francisco), compared to 0.066 for the national sample in the PSID. For none of the four cities is the correlation between the housing return and financial asset returns 8 The finding that housing returns are essentially uncorrelated with stock returns is consistent with the findings of Goetzmann (1993) using repeated sales regression estimates. 9 Using data from the Society of Real Estate Appraisers, Case and Shiller (1989) construct a Weighted Repeated Sales Index for each of the cities by extracting the date (year and quarter) and sales price of houses which sold twice during the sample period (1970 -1986) . Using weighted least squares, the city index is estimated by regressing the change in the log of the individual house price on a set of dummy variables. With this method, they can estimate an index for the average house appreciation in each city, as well as assess the magnitude of idiosyncratic house price changes around the citywide index. With the partial exception of San Francisco, the correlation between the housing return in two different cities is positive and approaching statistical significance at the 5-percent level. For all city pairs, the correlation of housing returns is statistically significantly different from unity, and for most pairs is about 0.4. Because the housing return series in Table  1B are based on citywide price indices, instead of returns to individual house prices, the estimated standard deviation of housing returns is substantially smaller (ranging from 0.042 to 0.065) than the standard deviation of 0.142 for the PSID data. In their analysis of individual house prices, Case and Shiller (1989) report that in a regression of annual real individual house price changes on the contemporaneous annual change in the citywide index, "the R 2 is only 0.066 for Atlanta, 0.158 for Chicago, 0.121 for Dallas, and 0.270 for San Francisco," 10 indicating that individual house prices have an important idiosyncratic component apart from the city-specific component. Case and Shiller conclude that "individual house prices are like many individual corporate stock prices in the large standard deviation of annual percentage change, close to 15 percent a year for individual housing prices." 11 Data from both sources are consistent with the following conclusions: the return to housing is uncorrelated with the returns to financial assets, and the standard deviation of housing returns at the level of the individual house is about 0.14 to 0.15. Since the PSID data reflects a nationally representative sample and covers a longer time period than the Case-Shiller data, we use the covariance matrix and vector of expected returns estimated from the PSID to calculate the efficient frontier and portfolios.
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II. Optimal Portfolios and the Constrained Efficient Frontier
In our approach, the ratio of house value to wealth, h, is treated as an endogenously determined state variable which imposes a constraint on the mean-variance optimization problem. The value of h varies dramatically over the life cycle, as documented in Table 2 , which reports the mean asset-to-net worth ratio, by age-group, of PSID homeowners in 1989. On average, homeowners in the youngest cohort (aged 18 -30) are highly leveraged, with a house-to-net wealth ratio of 3.51. As the household accumulates wealth, the value of h drops to approximately unity for the cohort aged 51-60 and to h ϭ 0.65 for the oldest homeowners. Note that the data on the cohort mean asset shares is consistent with the model's constraint on mortgage borrowing (Ϫh Յ x n,t Յ 0) and that the life-cycle variation in h is reflected in an equally dramatic pattern in the ratio of mortgage to net wealth.
In Table 2 , "Cash" refers to any money held in checking and savings accounts, money market accounts, or Treasury bills, and "Bonds" refers to any other savings including bond funds and other assets such as rights in a trust and cash values of insurance policies. Thus these two categories correspond only very loosely to the Treasury bills or 20-year Treasury bonds used in the estimation of the risk characteristics of financial assets.
In Figure 1 we plot the constrained meanvariance efficient frontier of the portfolio, inclusive of housing, which corresponds to each of six different values of the ratio of house value to net worth ranging from 3.51 (the average value of h among PSID homeowners 18 -30 years 10 Case and Shiller (1989 p. 127) . 11 Case and Shiller (1989 p. 127) . 12 Because the estimates of the covariance of the return to housing with the returns to financial assets are so close to zero, in terms of magnitude as well as statistical significance, we impose the assumption that the housing return is uncorrelated with the return to financial assets by substituting values of zero in place of the point estimates in the first four elements of the last row of the covariance matrix reported in Table 1A . old) to 0.65 (the value of h typical of homeowners 71 and older). That is, for each of the stated values of h, quadratic programming was used to solve for the vector of financial assets, x, which satisfies the constraints in (7) and achieves the minimum-variance portfolio for a given expected return. The constrained efficient frontier for h ϭ 0 is also plotted. From among the efficient portfolios, the optimal portfolio is identified by the point of tangency of the constrained frontier with the slope of the indifference curve, equation (8) . Since the slope of the indifference curve is a function of the household's degree of risk aversion, A, we report, in Table 3 , the optimal portfolios corresponding to various combinations of the constraint, h, and of risk aversion, as measured by A. A subset of the optimal portfolios (i.e., those for values of A ϭ 2, 4, or 8) are plotted in Figure 1 . Also plotted are the portfolios corresponding to the average asset shares for each PSID age cohort in Table 2 (represented by x's, in Figure 1 ).
For very low levels of risk aversion (A Յ 1), the optimal portfolio is at the upper corner of the constrained frontier for the whole range of values of h. These risk-tolerant households maximize their expected return by holding a 100-percent mortgage on their house, and allocating 100 percent of their financial asset portfolio to stocks. For A ϭ 2, the optimal portfolio of financial assets consists of about 72 percent stocks, 28 percent bonds, and no T-bills. For both A ϭ 2 and A ϭ 1, the house is fully mortgaged and the optimal shares of financial assets do not vary noticeably with the state variable, h. For moderate and high levels of risk aversion (that is, for values of A ranging from 4 to 10), the household's portfolio of financial assets shows a clear life-cycle pattern. For example, for a moderate level of risk aversion (A ϭ 4), the household remains fully mortgaged for high levels of h, but starts paying off the mortgage when h falls below 1.5. For households with the high levels of h which are typical of young households, the optimal portfolio of financial assets consists of 60 percent bonds, 40 percent stocks, and no T-bills. When the value of h falls to one or lower, as is characteristic of households aged 50 or over, the optimal portfolio includes a larger share of stocks and a smaller share of bonds. For example, the optimal portfolio of a household with a housing to net worth ratio of h ϭ 0.65 would consist of 44 percent bonds and 56 percent stocks. An amplified version of the same life-cycle pattern holds for the higher levels of risk aversion (A ϭ 8 or 10). These more highly risk-averse households start paying down their mortgages almost immediately; by the time the housing to net worth ratio falls to 0.65, the mortgage is fully paid off. For high levels of h (i.e., h ϭ 3.51), the FIGURE 1. EFFICIENT FRONTIERS WITH DIFFERENT HOUSING CONSTRAINTS strongly risk-averse households have portfolios of financial assets consisting of about 80 percent bonds and 20 percent stocks. For low levels of h (i.e., h ϭ 0.65), the portfolio consists of about half stocks, and half nominal assets.
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The constraint that the value of the mortgage cannot exceed the value of the house is often binding in the optimal portfolios depicted in Figure 1 . For example, consider the constrained efficient frontier for h ϭ 3.51. Along the entire length of the constrained frontier, the household holds a mortgage equal in value to the house and holds an amount equal to its net wealth in a combination of stocks and bonds. As risk aversion declines, and the household moves along the constrained frontier toward riskier portfolios, this movement is achieved by reducing the bond share and increasing the stock share while the mortgage remains at the maximum value consistent with the constraint in equation (7). Thus the slope of the constrained frontier reflects the risk and return trade-off involved in trading bonds for stocks. Once the portfolio consists of h ϭ 3.51 with a 100-percent mortgage, stocks ϭ 1, bonds ϭ 0, and T-bills ϭ 0, the fact that the mortgage constraint is binding implies that the household has obtained the highest return portfolio which is consistent with h ϭ 3.51. 13 Michael Fratantoni (1996) studies the effects of homeownership on risky asset holding by modeling the commitment to a fixed mortgage payment combined with uncertain labor income in a simulation model. In his model, the share of risky assets in total wealth is higher for young households who have just bought a house than for older households nearing retirement. João F. Cocco (1998) also uses simulation to solve a life-cycle model with risky labor income for the optimal holding of housing and financial assets. He finds that compared to a model without housing, the introduction of housing increases the proportion of financial assets held in the form of stocks later in life. Nevertheless, stock holding as a proportion of financial assets is predicted to decline over the life cycle. Notes: The mortgage is expressed as a percent of the house value, i.e., Mortgage ϭ Ϫ1 indicates a 100-percent mortgage. Shares of T-bills, bonds, and stocks are stated as a percentage of the sum of the three assets, so that for each portfolio the reported shares of these three assets must sum to one.
Given the estimated vector of expected returns and covariance matrix, the model predicts that households generally hold both a mortgage and bonds. Since mortgages and bonds are similar assets, an alternative approach would be to consider a mortgage and a bond as perfect substitutes; i.e., assume that there is a single financial instrument which is called a mortgage if one takes a negative position and called a bond if one takes a positive position, in addition to stocks, T-bills, and housing. Under this alternative approach to modeling the mortgage, the model can give predictions about the sum of holdings of mortgage and bonds, but cannot say anything about the shares of mortgage and bonds separately. When the portfolios are calculated for this simplified menu of assets (i.e., a mortgage is a negative position in bonds), the basic characteristics of the portfolios in Table  3 are confirmed: the optimal holding of T-bills is at the corner unless h is low and risk aversion is high, the degree of leverage is reduced as h falls over the life cycle, more risk-averse households reduce their degree of leverage more rapidly than less risk-averse households, and the percentage of net wealth held in the form of stocks increases as h falls.
III. Life-Cycle and Cross-Sectional Implications
At its most basic level, the model implies that the efficient frontier faced by a household is not static, but varies with the state variable h. Since h varies over the life of a household, the composition of the optimal portfolio of financial assets in general will vary over the life cycle, even if preferences and the stochastic structure of the asset markets are constant. The basic message for the life cycle of portfolio composition is that young households with high values of h are forced by their high degree of leverage to hold a risky portfolio and therefore use their net worth to reduce portfolio risk rather than attempting to further increase their expected return. To reduce portfolio risk, the young households hold only a small to moderate share (depending on the degree of risk aversion) of stocks, and reduce their leverage, either explicitly by paying down the mortgage, or implicitly by keeping the 100-percent mortgage and simultaneously holding bonds. As wealth accumulates and the value of h falls, the household shifts a greater fraction of its financial assets into stocks. The percentage of financial assets devoted to stocks peaks at about 60 percent when h is in the range 0.4 Ͻ h Ͻ 0.8, then declines for lower levels of h.
Because the percentage of financial assets devoted to stocks is inversely related to h over most of its range, and h tends to decline as the household ages, the model suggests that stock holding will increase with age. Existing studies that have tested for changes in the composition of household portfolios over the life cycle have found conflicting evidence of age effects. Using data from the 1978 Survey of Consumer Financial Decisions, Mervyn A. King and Jonathan I. Leape (1987) find that the probability of owning stocks, corporate bonds, municipal bonds, and savings bonds increases with age, while the probability of owning Treasury bonds declines with age. Ioannides (1992) , however, using the 1983 and 1986 Surveys of Consumer Finances, finds that coefficients on age are not significant at the 5-percent level in probit regressions of ownership of most financial assets, except for IRAs, housing equity, and other debt. Carol C. Bertaut (1996) , using the 1983-1989 panel of the Survey of Consumer Finances, finds that the probability of owning stocks increases with age. Using the 1983, 1989, and 1992 Surveys of Consumer Finances, James M. Poterba and Andrew A. Samwick (1997) find strong age effects of both the probability of ownership and the portfolio shares of stocks (directly held as well as all taxable equity, including brokerage accounts and equity mutual funds). Yamashita (2001) , using the 1989 Survey of Consumer Finances, however, finds that the coefficient on age becomes insignificant in estimating the share of stocks in the portfolio, when the housing constraint is included in the specification. Using various waves of the Survey of Consumer Finances along with a panel data set of TIAA-CREF participants over 1987 -1999 , John Ameriks and Stephen P. Zeldes (2000 find that portfolio shares of stocks increase strongly with age. Examining those households that owned at least some equities in their portfolio, however, Ameriks and Zeldes find a nearly flat age profile in both the SCF and the TIAA-CREF data, implying an absence of age effects.
The inclusion of housing also has implications for the composition of portfolios in a cross section. According to Table 3 , a model which ignores housing would predict that households with moderate to high risk aversion (A Ն 4) will hold substantial quantities of T-bills (accounting for as much as 47 percent of financial assets for A ϭ 4 and 83 percent of financial assets for A ϭ 10). If housing is included in the portfolio, however, the constraint that the household cannot borrow at the T-bill rate becomes binding for a large range of values of h and A. That is, for the entire region h Ն 0.76 and A Յ 10, the household is at a corner with zero T-bills. Only when h falls to 0.65 in conjunction with high levels of risk aversion (A Ն 8) does the optimal portfolio include T-bills.
Why does the introduction of housing push the household into a situation in which the nonnegativity constraint binds over a wider range of risk aversion? For the first three age cohorts (that is, households aged 50 and under), the value of the house exceeds net wealth (h Ͼ 1), so that the household must borrow. Risk-tolerant investors exploit the opportunity to leverage their asset portfolio and take out the maximum mortgage equal to 100 percent of the value of the house while more risk-averse households avoid being fully leveraged, but all of the portfolios associated with values of h exceeding unity involve substantial mortgage indebtedness. If allowed, diversifying the portfolio of financial assets by taking a negative position in T-bills and reducing mortgage indebtedness would both increase the portfolio's expected return and reduce its variance, since the interest rate on T-bills is, on average, slightly lower than the mortgage rate. For households in the last three age cohorts, owning the house without holding any mortgage is feasible (h Ͻ 1). However, except for the highly risk averse (A ϭ 10), these households voluntarily hold mortgages in order to hold larger amounts of the high-return financial assets (stocks and bonds) than would be possible if they owned their house outright. Like the younger, "mandatory" mortgage holders, these "voluntary" mortgage holders would be better off if some of their borrowing were in the form of a negative position in T-bills. Since both of these groups would like to borrow at the T-bill rate, the nonnegativity constraint is binding and the optimal holding of T-bills is zero.
To assess the empirical validity of this crosssectional implication of the model-that the inclusion of housing pushes the household more firmly onto a binding nonnegativity constraint for T-bills-we reexamine the "asset allocation puzzle" as posed by Canner et al. (1997) . In essence, the asset allocation puzzle refers to the following contradiction between theory and practice: according to the mutual fund separation theorem, all investors should hold an identical portfolio of risky assets regardless of their degree of risk aversion; differential preferences toward risk are accommodated by varying the relative amounts invested in the risky portfolio and the riskless asset, which implies that the ratio of bonds to stocks (two risky assets) should be invariant with respect to the overall level of risk of the portfolio, as measured by the percentage of the entire portfolio held in the form of stocks. In contrast, financial advisors in the popular press systematically advise that more risk-averse investors hold higher ratios of bonds to stocks than risk-tolerant investors.
Instead of using data on actual household portfolios, Canner et al. use as "data" the portfolios recommended by four sources of investment advice: a book by Jane Bryant Quinn, the Fidelity investment newsletter, a book promoted by Merrill Lynch, and an article in the New York Times.
14 Table 4 reproduces Table  1 of Canner et al. (1997) . While the sources differ in their recommended portfolios, all four advise a ratio of bonds to stocks which increases with risk aversion, and is therefore inversely related to the fraction of the portfolio in stocks.
Parallel to Figure 1 in Canner et al., Figure  2 plots (with circle symbols) the bond-to-stock ratio against the percentage of financial assets in stocks for the 12 recommended portfolios.
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The two dashed lines in Figure 2 represent the predicted relationship between the bond-tostock ratio and the percentage of financial assets in stocks, based on the standard CAPM assumptions (i.e., a riskless asset exists, short sales are permitted, and housing is excluded) and on a variant of the CAPM in which there is no risk-14 The sources are: Jane Bryant Quinn (1991), Larry Mark (1993) , Don Underwood and Paul B. Brown (1993), and Mary Rowland (1994) . 15 There are only ten distinct portfolios because Fidelity and Jane Bryant Quinn recommend the identical portfolio allocation for conservative investors, and the New York Times "conservative" portfolio coincides with the Fidelity "moderate" portfolio. less asset (while short sales are permitted, and housing is excluded). These elements of Figure  2 illustrate the "asset allocation puzzle" as stated by Canner et al.: when housing is excluded from the model, the predicted relationship between the bond-to-stock ratio and the percentage of financial assets in stocks is exactly horizontal (if a riskless asset exists) or positively sloped (in the absence of a riskless asset), while the scatterplot representing the financial advisors' recommendations is negatively sloped. 16 Canner et al. examine a number of potential 16 Canner et al. (1997) calculated optimal portfolios based on pretax real returns, while we use after-tax real returns. Because of the difference in tax treatment, the constant bond-to-stock ratio consistent with the "CAPM assumptions" is equal to 0.40 in our calculations, as compared to 0.33 in Canner et al. (1997) . Once we introduce housing into the portfolio, for values of h greater than 1.2, the predicted relationship between the bond-to-stock ratio and the percentage of financial assets in stocks is given by the negatively sloped solid curve in Figure 2 .
18 For a wide range of values of risk aversion (even for A Ͼ 10), the model predicts that the nonnegativity constraint on T-bills is binding as long as h exceeds 1.2. Since the household is at a corner with zero T-bills, the percentage of financial assets in bonds and the percentage of financial assets in stocks must sum to unity in this region. Thus, if we denote the percentage of financial assets in stocks as s, the prediction of the model is simply a plot of (1 Ϫ s)/s against s, a negatively sloped curve. As noted earlier, the introduction of housing does not universally imply that the nonnegativity constraint on T-bills is binding. For households with both low levels of h and high levels of A (for example, h ϭ 0.65 and A ϭ 8) the optimal portfolio does contain T-bills and therefore would be represented by a point to the southwest of the curve which represents the plot of (1 Ϫ s)/s against s. Nevertheless, it is evident from Table 2 that for a wide range of combinations of h and A, the binding nonnegativity constraint on T-bills implies that the optimal portfolio will lie on this curve, labeled "asset allocation with housing."
The mean-variance efficiency framework assumes zero transactions costs in buying and selling financial assets, and does not recognize a distinction between financial assets which can be used as a medium of exchange, such as checking accounts and currency, as opposed to nonmonetary assets. The implication of the model is that, for most homeowners, the optimal portfolio consists entirely of bonds and stocks; no cash is held for the purpose of achieving mean-variance efficiency. Before confronting the portfolio implications of the model with the data, however, it is necessary to consider the implications of transactions costs. In the absence of transactions costs, the household would hold zero cash and pay for consumption goods by selling bonds or stocks. However, in the presence of transactions costs of buying and selling bonds and stocks, the household will hold some cash balances, even though the nonzero holdings of cash move the household to the interior of the mean-variance efficient frontier (as computed ignoring transactions costs). Since the "asset allocation line with housing" represents the maximum ratio of bonds to stocks for a given percentage of financial assets in stocks, a portfolio which includes a strictly positive amount of cash will be represented by a point below the curve.
In addition to the "data" which represents the portfolios recommended by the financial advisors, Figure 2 also plots, with small x's, data points representing the portfolios of PSID homeowners in 1989. 19 We interpret the databoth the scatter of household portfolios and the financial advisors' recommended portfolios-as deviating from the prediction of the frictionless model because cash is held for transactions purposes. The inescapable fact that households generally hold strictly positive balances of cash does not contradict the model's implication that most households face a binding nonnegativity constraint on T-bills, or "cash." If holding negative positions in checking accounts, currency, or T-bills were feasible, the household could 17 Canner et al. (1997 p. 189) . 18 The target audience of the financial advisors is presumably the subset of the overall population with the wealth and motivation to hold diversified portfolios of financial assets. The rate of homeownership among this group is even higher than in the general population. For example, of PSID households with strictly positive stock holdings in 1989, 93 percent of those in the 41-70 age range were homeowners. Of stockholders aged 31-40, 82 percent were homeowners, and of those aged 71 and older, 88 percent were homeowners. 19 The asset labeled "T-bills" in the predicted portfolios is interpreted, in terms of the PSID data, as the sum of checking, savings, and money market accounts, as well as T-bills.
hold a positive balance of the cash asset to use as a medium of exchange and simultaneously borrow by holding negative balances of checking accounts or T-bills and thus accommodate a transactions demand for cash while holding a negative net position in the cash asset to achieve mean-variance efficiency. Since borrowing at the currency or T-bill rate is not possible, the household accepts some costs in terms of meanvariance inefficiency in order to hold transactions balances. The fact that the household would like to simultaneously take a negative position in the cash asset to achieve meanvariance efficiency, but is unable to do so, implies that the nonnegativity constraint is nevertheless binding.
IV. Conclusions
Simply by virtue of its magnitude, housing plays an important role in both the consumption bundle and the asset portfolio of the household. This role is complicated, and made more interesting, by the fact that most consumers choose to hold a single level of residential real estate to satisfy both the consumption demand for housing services as well as the portfolio demand for housing, rather than use rental markets to disentangle the two aspects of the problem. To the extent that the household's holding of real estate is determined at least in part by its consumption demand for housing services, the consumption demand for housing places a constraint on the portfolio problem. Using PSID data and the Case-Shiller repeat sales transactions price data, the paper estimates the risk and return to financial assets and residential real estate, and calculates the optimal portfolios and constrained mean-variance efficient frontiers for various values of the housing constraint.
The model implies that households which are ex ante identical, in the sense that they have identical preferences toward risk and identical perceptions of the risk and return to different assets, will nevertheless hold quite different portfolios of financial assets because each household is optimizing their portfolio subject to a constraint on housing, and this constraint varies across households. Further, since the ratio of housing to net worth declines over the life cycle, the housing constraint generally induces a life-cycle pattern in the portfolio shares of stocks and bonds. For example, young households, which typically have large holdings of real estate relative to their net worth, are highly leveraged and therefore forced into a situation of high portfolio risk (and return). As a result, these young households respond to the housing constraint by using their net worth to either pay down their mortgage or buy bonds instead of buying stocks. In comparison, ownership of stocks is more attractive to older households that have accumulated greater wealth and therefore reduced their ratio of housing to net worth.
Compared to the mean-variance frontier which corresponds to portfolios consisting solely of financial assets such as stocks, bonds, and T-bills, the introduction of housing and mortgages alters the risk and return trade-off in a direction which pushes most households onto a binding nonnegativity constraint on T-bills. Since households are at a corner with respect to the riskless, or low-risk, asset, varying preferences toward risk cannot be accommodated by altering the percentage of the portfolio in the riskless asset, and are reflected instead in variation in the composition of the risky portfolio. This observation-that the introduction of housing pushes the household onto a binding nonnegativity constraint on the riskless assetappears to be useful in explaining both household portfolio data and data points which represent the portfolio recommendations of financial advisors in the popular press. The analysis in the paper is entirely partial equilibrium, and assumes that the expected return vector and covariance matrix are time invariant. Nevertheless, it is fun to speculate on the consequences of the housing constraint in a dynamic, general-equilibrium setting. If one accepts the basic premise that the household's optimal portfolio is constrained by the housing ratio, and this ratio tends to be related to age, then demographic bulges such as the baby boom, birth dearth, and baby boom echo may have important effects on asset prices. The effect of the baby boom generation on the expected return to housing has been demonstrated in the literature (Joyce Manchester, 1989; N. Gregory Mankiw and David N. Weil, 1989) . Similarly, demographic effects have been invoked as a possible explanation of the recent stock market boom. However, the treatment of demographic effects on the stock market in the popular media generally focuses on the idea that the baby boomers, finally recognizing that retirement is on the horizon, have comparatively high saving rates. In this view, the aggregate flow of saving is unusually high because the baby boom cohort has a high saving rate and constitutes a large fraction of the overall population. Our analysis focuses on portfolio shares rather than saving rates, and shows that as the housing constraint is gradually relaxed over the life cycle, the aging baby boomers should shift their portfolio composition away from bonds and toward stocks. Thus even in the absence of high saving rates, the baby boom generation could have a systematic effect on asset prices.
DATA APPENDIX
Calculation of Housing Return from PSID.-Of the 6,771 households in the Survey Research Center (SRC) (nonpoverty) sample in 1992, households that never owned a home between 1968 and 1992 were excluded, reducing the sample to 5,846. Households for which the value of the house or remaining mortgage principal have ever been assigned by PSID staff between 1968 and 1992 were also excluded, reducing the sample to 1,817. Households that enter the sample as a split-off of another family unit are included, but data for the years during which the split-off household resided with the original family unit are treated as missing.
Inspection of the PSID house value data revealed 45 cases in which the house value changed by a factor of ten from one year to the next even though the family unit did not move. In these cases, examination of the series of reported house values in the context of the rest of the record led us to conclude that the observation had been incorrectly recorded. These observations were corrected by either adding or dropping a zero, and included in the sample. A list of the observations for which the house value was corrected is available from the authors on request.
If the family unit owns the house they reside in, the house value is elicited by the question "Could you tell me what the present value of your house is?-I mean about how much would it bring if you sold it today?" The property tax amount is also a direct survey question except in 1978, 1988, and 1989 . For 1978, we impute property taxes by the method suggested in the PSID Wave VI Codebook (Survey Research Center, 1973) . Property tax rates are assigned according to Table A1 , based on the location of the house. For 1988 and 1989, we lack data on the distance from the nearest city over 50,000 and use instead the size of the largest city in the county as an indicator. For 1988 indicator. For -1989 , the property tax rate was assumed to be 1.5 percent (2.0 percent for New England states) if the largest city in the county is greater than 50,000, and 1.0 percent (1.5 percent for New England states) otherwise.
In calculating the housing return, the observation was set to missing if during the interval over which the return was calculated, the family moved or there was a change of head due to marriage of a female head of household to a nonsample male. Since the number of homeowners in the PSID changes every year, we construct 24 vectors of returns and covariance matrices (one for each year) and then weight them equally to arrive at a single vector of returns and covariance matrix for the 1968 -1992 sample period. Mortgage Rates.-The data for mortgage rates is the variable "Conventional Home Mortgage Rate-Loans Closed (National Average for All Major Lenders: FYMCLE)" from the Citibase Monthly data tape. The annual average (April to March) of the monthly mortgage rate is converted to an after-tax rate using the marginal tax rate of 33 percent, and then deflating by the inflation rate.
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In Table A2 , we report an alternative version of the expected returns and covariance matrix of returns, in which historical variation over time of the federal marginal tax rate is included. That is, for each year, we calculated the marginal federal tax rate of the PSID household that ranked in the 75th percentile for income, and used the year-specific marginal federal tax rate to calculate after-tax real returns. A comparison of the estimates with the corresponding estimates in Table 1A of the paper indicates that the alternative method of incorporating taxes makes very little difference. 
